The entanglement of vortices in a two-dimensional Bose-Hubbard model with artificial gauge fields is investigated using the exact diagonalization techniques. We propose an effective Hamiltonian for the spin-spin interactions between vortices responsible for this entanglement, and show that the entanglement can be detected through the quantum interference of the bosons in the vortex centers achieved using the Raman coupling and the quantum gas microscope. The strong bosonic coherence between the vortex centers originates from the charge-density wave order in the vortex core. It is robust against the varying of the pinning strength for the vortices to a wide range, and the coherent bosons can be viewed as a qubit stored in the ground state of the system. Our proposal provides a feasible scheme of quantum memory for storing qubits useful in quantum computation. Introduction. The vortex describes the circulation of some physical quantities of a system. For a strongly correlated many-body system, the vortex may have a rich internal structure due to the coexistence of multiple orders [1] [2] [3] [4] . For instance, for the hard-core bosons in the two-dimensional lattice at half filling, the vortex has no density depletion in the core where the charge-density wave (CDW) order develops, competing with the superfluid order [5] . This is in contrast to the conventional vortex where the core has a large density depletion, e.g. in a Bose-Einstein condensate (BEC) described by the Gross-Pitaevskii (GP) theory [6] [7] [8] . Due to the chargevortex duality [9] [10] [11] [12] , the CDW acts as an effective magnetic field for the vortex to circulate in the dual lattice. As a result, the vortex carries an internal spin-half degree of freedom [13] which denotes the counterclockwise (spin up ↑) and clockwise (spin down ↓) vortex currents [14] . When the system is penetrated with two flux quanta, there are two vortices located far from each other, yet with their spins entangled [15] .
Introduction. The vortex describes the circulation of some physical quantities of a system. For a strongly correlated many-body system, the vortex may have a rich internal structure due to the coexistence of multiple orders [1] [2] [3] [4] . For instance, for the hard-core bosons in the two-dimensional lattice at half filling, the vortex has no density depletion in the core where the charge-density wave (CDW) order develops, competing with the superfluid order [5] . This is in contrast to the conventional vortex where the core has a large density depletion, e.g. in a Bose-Einstein condensate (BEC) described by the Gross-Pitaevskii (GP) theory [6] [7] [8] . Due to the chargevortex duality [9] [10] [11] [12] , the CDW acts as an effective magnetic field for the vortex to circulate in the dual lattice. As a result, the vortex carries an internal spin-half degree of freedom [13] which denotes the counterclockwise (spin up ↑) and clockwise (spin down ↓) vortex currents [14] . When the system is penetrated with two flux quanta, there are two vortices located far from each other, yet with their spins entangled [15] .
The vortex spin and the entangled spin state are theoretical concepts introduced to facilitate the understanding of the quantum dynamics of vortices [5, 13, 15] . It remains a question whether or not the vortex spin is a quantity with physical reality. In particular, how do the vortex spins interact with each other to create entanglement, and can this entanglement be detected in experiments? In this Letter, we propose an effective Hamiltonian for the spin-spin interactions between vortices responsible for this entanglement, and show that the entanglement can be detected through the interference of the bosons in the two vortex centers achieved using the Raman coupling [16] and the quantum gas microscope [17, 18] . The strong bosonic coherence between the vortex centers originates from the CDW order in the vortex core where the superfluid order is suppressed [1] .
The vortex entanglement has been studied in different contexts, including the high-temperature superconductors [19] [20] [21] [22] , neutron stars [23] , the fast-rotating BEC [24, 25] , two optically coupled BECs [26] , etc. For the former two cases, the vortex entanglement (or the braided flux) is induced either by the splayed defects or by thermal fluctuations. For the fast-rotating BEC, the strongly correlated vortex liquid is formed due to the quantum fluctuations of the high-density vortices whose kinetic energy dominates over the Coulomb interactions. The last case is concerning the Fock-state entanglement of vortices with opposite angular momenta. The entanglement studied in this Letter is different from the above cases in that the degree of freedom for the entanglement is the vortex spin which emerges due to the quantum fluctuations of the CDW in the vortex core.
Detecting the entanglement of vortices in experiments will not only demonstrate the existence of the vortex spin and the CDW order in the vortex core, but also show the possibility of macroscopic entanglement in the strongly correlated many-body system. The macroscopic entanglement is a fundamental concept for testing the Bohr correspondence principle [27] [28] [29] and has important applications in quantum information processing [30] [31] [32] . The typical state with a macroscopic entanglement is in the form of two entangled Schrödinger cats [33] :
, where |D j (|L j ) denotes that the cat j is dead (alive). We notice that such a macroscopic entanglement is usually present in the ground state of the interacting systems in a doublewell potential [34] [35] [36] , or can be generated dynamically through atom-photon interactions [37] [38] [39] [40] [41] [42] . However, it is not expected to exist in a generic strongly correlated many-body system. This is because the ground state of such a system is a highly complicated many-body state for which a macroscopic entangled state in the simple form of the two entangled Schrödinger cats (a two-body state) is not likely to be present.
Nevertheless, due to the charge-vortex duality [9] [10] [11] [12] as mentioned earlier, the complicated strongly correlated many-body system with artificial gauge fields can be mapped to an effective system of interacting vortices. The latter can be a quantum few-body system if the gauge field is weak (as the number of vortices is small). This enables the observation of the macroscopic entanglement of vortices.
Model.
We consider the two-dimensional BoseHubbard model on the square lattice with the Hamiltonian
where a r (a † r ) is the annihilation (creation) operator for the bosons at the lattice site r, "H.c." denotes the Hermitian conjugate of its previous term, J is the hopping strength for the neighboring sites, U (V ) describes the on-site (nearest-neighbor) interactions, µ is the chemical potential, and
A · dl is the lattice gauge field. Here, q is the boson charge which is assumed to be −e without loss of generality. For neutral bosons with artificial gauge fields, q is only a parameter introduced to facilitate the physical description. In this 
FIG. 1. (Color online). (a)
The schematic of the twodimensional Bose-Hubbard model on the square optical lattice. The direct tunneling along x is Jx, while the tunneling along y is inhibited by a magnetic field gradient B ′ . The two lasers with the frequencies ω1, ω2 and the wave vectors k1, k2 are applied at the small relative angle θ along the −y axis, which induce a Raman coupling with the strength Jy between the neighboring sites along y. This creates a uniform flux Φ in each plaquette. (b) The 4 × 4 square lattice with periodic boundary conditions. The anti-diagonal dashed line connecting the two vortex centers 1 and 2 denotes the axis of the reflection operation. The point RV is the vorticity center [5] . The green and red arrows denote the x and y components of the vector potential A corresponding to the flux Φ = A · dl (" " denotes the plaquette).
way, A rr ′ = 2π Φ0 r r ′ A · dl (Φ 0 = h/e is the flux quantum). The gauge field corresponds to a magnetic field B = ∇ × A which creates a vortex configuration with the density n v = B/Φ 0 [5, 13] .
The Hamiltonian can be realized in experiments with ultracold bosons in optical lattices [45] [46] [47] [48] [49] [50] [51] , the Josephson junction arrays [52] [53] [54] and the high-temperature superconductors [10, 55, 56] . The scheme of the optical lattice is shown in Fig. 1(a) . The 87 Rb atoms in the angular momentum eigenstate |F = 1, m F = −1 are loaded into a three-dimensional optical lattice, where the lattice depth along z is sufficiently deep to inhibit the tunneling along z. This essentially creates a two-dimensional optical lattice. A magnetic field gradient B ′ is applied along y to generate an energy offset ∆ = µ B B ′ a/2 between the neighboring atoms along y, where µ B is the Bohr magneton and a is the lattice constant. This inhibits the direct tunneling along y, which is instead induced by applying two Raman lasers with the frequencies ω 1 , ω 2 and the wave vectors k 1 , k 2 at a small relative angle θ along the −y axis (ω 1 − ω 2 = ∆/ ). The corresponding tunneling strength J y = Je iA rr ′ with A rr ′ = (k 1 − k 2 ) · r ′ for the bosons hopping from r ′ to r = r ′ + e y with e y being the unit vector along y [48, 49] . The Raman lasers creates a uniform flux Φ = δk x aΦ 0 /(2π) in each plaquette (δk x ≈ 2k sin θ, |k 1 | ≈ |k 2 | = k). The flux Φ can be tuned by adjusting the orientations of k 1 , k 2 .
The vortex spin denotes the two forms in which the vortex flows in the dual lattice: counterclockwise (spin up ↑) and clockwise (spin down ↓) vortex currents. It was introduced in Ref. [13] for the hard-core bosons (U → ∞) at half filling and analyzed in detail in Refs. [5, 14] . The vortex spin corresponds to the doubly degenerate ground states of the Hamiltonian Eq. (1) with a single flux quantum penetrating the system (N Φ = BN x N y a 2 /Φ 0 = 1). The entanglement of vortices. The entanglement between the two vortex spins was proposed in Ref. [15] for   FIG. 2. (Color online). The vorticity of the electric current density ∇ × j of each plaquette in the 4 × 4 square lattice is plotted for different pinning strength Jpin/J = 1.5, 1, 0.9, 0.6 where the background vorticity is subtracted [43, 44] .
the system with two flux quanta (N Φ = 2). The two vortices are pinned around the two antipodal lattice sites through weakening the bonds connected to them [15, 43] . The bonds weakening can be realized in experiments by engineering the waveform of the laser beams using the quantum gas microscope and the digital micromirror device [17, 57] . Fig. 1(b) shows the location of the two pinning sites 1, 2 in a 4 × 4 square lattice with periodic boundary conditions (the torus geometry), where the Landau gauge is chosen for the vector potential A: A x = −yBN x δ x,Nx−1 , A y = xB. Denote the hopping strength for the bonds involving the sites 1 and 2 as J pin and the hopping strength for other bonds as J. When J pin /J > 1, the vortices are repelled by the pining sites and will be located far from them. On the contrary, when J pin /J < 1, the vortices are attracted by the pining sites and will be located close to them.
The pinning effect can be verified by plotting the vorticity of the electric current density j(r) = − ∂H ∂A(r) . Fig. 2 shows ∇ × j in the ground state for different pinning strength. It can be seen that the vorticity peaks far from the sites 1, 2 for J pin /J = 1.5, while it is uniformly distributed for J pin /J = 1. As J pin /J decreases further to 0.9, the vorticity around the sites 1, 2 becomes larger than that in the other plaquettes, and finally it peaks around the two pinning sites for J pin /J = 0.6.
For generic pinning strength, the ground state of the Hamiltonian (1) is nondegenerate and can be labelled by the maximally entangled state of the two vortex spins:
, where ↑ j (↓ j ) represents the up (down) component of the vortex spin at the site j. The state |ω j with ω =↑, ↓ can be written as |ω j = c † jω |vac , where c † jω creates the vortex current ω j on the vacuum state |vac with no vortices,
creates a vortex on the dual lattice site R, f (|R − r j |) is a function obtained by diagonalizing the effective vortexhopping Hamiltonian [14] and has the maximum at the site j with the position vector r j , ϕ(R − r j ) is the angle between R − r j and the x axis, and m ω = 0, 1 for ω =↓, ↑ respectively. An effective Hamiltonian responsible for the state |G can be constructed [43] :
where τ α j = 1 2 σ α j with σ α j being the Pauli matrices, the f xx term denotes the tunneling between the two vortex spins (the kinetic energy), and the f zz term stems from the Coulomb interactions between vortices [58] . The coefficients f xx , f zz are determined by matching the spectrum of H s with the low-lying levels of H in (1) .
It is rather difficult to directly detect the entanglement of vortices through measuring the correlation functions of the bosons that comprise the vortex. This is because the vortex describes the circulation of the superfluid which is macroscopic consisting of a large number of bosons.
However, the difficulty can be circumvented by detecting the CDW order alone that competes with the superfluid order. The entanglement of vortices is accompanied by the coherent CDWs in the two vortex cores [43] . The state of the latter reduces to a maximally entangled state between the two pinning sites when V → 0:
where φ = Arg a † 1 a 2 is related to the gauge field [43] . The state (3) exhibits strong coherence between the two vortex centers. This is reflected by the equal superposition between |10 and |01 for which the modulus of the correlation function | a †
To verify the above analysis, the modulus and phase of a † 1 a 2 versus the total flux quanta N Φ are plotted in Figs. 3(a) and 3(b) for a 4 × 4 square lattice with 8 bosons, using the exact diagonalization techniques [59] . Here, V = 0 and J pin /J = 0.6. The flux quanta N Φ must be integers for a closed surface [60] , but we let it vary continuously in order to analyze the data more explicitly. It can be seen in Fig. 3 (a) that | a † 1 a 2 | ≈ 0.25 for 0 < N Φ < 2, reflecting the stable superfluid order of the system, while it peaks at N Φ = 2 with the value close to 1 2 which is consistent with the state (3). Then it decreases with N Φ , as the superfluid order is generally suppressed by increasing the magnetic flux. Fig. 3(c) shows the fidelity [61] between the reduced state ρ 12 of the two vortex centers and |Ψ 12 in Eq. (3), where the phase φ is set with the values in Fig. 1(b) . The fidelity is close to 1 when N Φ = 2, which clearly corroborates the conjecture. The entanglement of formation [62] of ρ 12 has a sharp peak value ∼ 0.72 at N Φ = 2 as shown in Fig. 3(d) . Later, we shall show that for a stronger pinning strength the entanglement can approach one consistent with Eq. (3).
Experimental detection. Conventionally, the bosonic coherence can be detected through observing the interference fringes in the time-of-flight image [63] [64] [65] [66] [67] . However, as the interference fringes involve the contributions from the correlation functions a † r a r ′ of all sites, it is difficult to single out the contribution from the two pinning sites. Here, we propose two methods to determine a † 1 a 2 for the scheme of the optical lattice with 87 Rb atoms. Firstly, the quantum interference between the two pinning sites can be realized through coupling them using two Raman lasers detuned by ∆ ′ (the energy offset between the two pinning sites). The effective Hamiltonian
, where Ω eff is the effective Rabi frequency of the field for coupling the two sites, U is the on-site interaction strength, and n j = a † j a j . We assume that the two Raman lasers do not couple the pinning sites to other sites. This requires applying a nonlinear magnetic field gradient to the lattice such that ∆ ′ is different from the energy offset between one of the pinning sites and any other site. The magnetic field gradient also inhibits the direct tunneling between the neighboring sites. In this way, a †
. Thus, r and φ ′ are determined through measuring a † 1 a 1 t achieved by a quantum gas microscope [17, 18] .
Secondly, the density matrix ρ 12 of the two pinning sites can be constructed by tomography. In the hard-core limit, ρ 12 has a simple form: ρ 12 = i,j=0,1 x i,j |ij ij| + (y|01 10| + H.c.). The diagonal matrix elements x i,j can be determined by using the quantum gas microscope which measures the even-odd parity of the atoms at individual sites [17, 18] , while |y| can be determined by measuring the purity of ρ 12 : Tr(ρ 2 12 ) = |y| 2 + i,j=0,1 x 2 i,j , which is realized through interfering the two identical copies of the system [68] . The phase of y is undetermined, but this does not affect the coherence (| a † 1 a 2 | = |y|). The pinning of the two entangled vortex spins plays a crucial role in establishing the coherence of the two sites as in Eq. (3). Fig. 4 shows the entanglement of formation of ρ 12 versus J pin /J for different values of the flux quanta N Φ [69] . It can be seen that when J pin /J is small, the entanglement for most cases is close to 1 except for N Φ = 3. This entanglement is a perturbative effect: the coherence between the two sites is established through their coupling to the many-body states of the Hamiltonian with J pin = 0, analogous to the superexchange effect [43] . The entanglement decreases rapidly with J pin /J for generic values of N Φ = 2. In contrast, when N Φ = 2, the entanglement decreases slowly up to a critical value of J pin /J ≈ 0.85 where the entanglement suddenly drops to a value close to zero (≈ 0.003). These results indicate that the two entangled vortex spins, when pinned to the two appropriate lattices sites, can protect the coherence established in the two sites for a wide range of pinning strength. When J pin /J 0.85, the vortices delocalize and the entanglement becomes negligible.
The strong bosonic coherence between the two vortex centers for N Φ = 2 can be viewed as a qubit [70] stored in the ground state of the system as in Eq. (3), with the basis states encoded as |0 = |10 and |1 = |01 . By tuning J pin /J to be lower than 0.85, the coherent information (the entanglement of vortices) in the ground state is retrieved in the form of this qubit, which can be harnessed to produce entangled qubits [43] for use in the teleportation-based quantum computation (TQC) [71] . TQC applies to the situations where quantum gates between remote qubits are needed. We notice that the retrieving process for generic values of N Φ = 2 is also possible, but it requires a rather low value of J pin /J, as shown in Fig. 4 . Therefore, our proposal provides a feasible scheme of quantum memory for storing qubits useful in quantum computation.
Conclusion. We have shown that the entanglement of vortices, resulting from the charge-vortex duality, can be detected through the interference of the bosons in the two vortex centers achieved using the Raman coupling and the quantum gas microscope. The coherent bosons in the two vortex centers can be viewed as a qubit stored in the ground state of the system. The coherence of this qubit can be harnessed to produce entangled qubits useful in quantum computation. It is expected that the present work can be generalized to higher dimensionality [72] [73] [74] [75] and also to other systems with multiple orders, including the spin-orbit coupled bosons with a non-Abelian gauge field where the magnetic order coexists with the superfluid order [76] and the fermionic superfluids [77] [78] [79] . 
SUPPLEMENTAL MATERIAL THE VORTEX PINNING EFFECT
A vortex can be pinned to some lattice site through decreasing the strength of the tunneling between this site and its neighbors. This effect is understood by considering the change of the energy in the pinning process. The classical Hamiltonian of the two-dimensional BoseHubbard model is [80] 
where H cl 0 is the original Hamiltonian with uniform tunneling strength J, and H cl δ describes the energy change when J is changed to J δ for a particular site r 0 (J δ = J pin − J). The parameters ρ r and φ r are the density and phase of the coherent state |β r at the site r: a r |β r = β r |β r , β r = √ ρ r e iφr . A general vortex configuration is defined as
. It represents N vortices centered at r k with the topological charge n k (an integer), k = 1, 2, · · · , N . The parameter θ(r − r k ) is the angle between the vector r − r k and the x axis. The simplest case is a single vortex centred at r 1 (N = 1 and n 1 = 1). If the vortex center r 1 is far from the pinning center r 0 , we have
where we have assumed that the magnetic flux per unit cell is very small so that A r0r ′ ≈ 0 (this is true if the number of the lattice sites is large and the total magnetic flux is small). When r 1 approaches r 0 , φ r0 − φ r ′ increases. Therefore, H cl δ decreases if J δ < 0, whereas it increases if J δ > 0. This implies that the pinning center attracts the vortex if J pin < J, but it repels the vortex if J pin > J. H cl δ is minimized when r 1 is located in between r 0 and one of its neighbors r ′ for which cos(φ r0 − φ r ′ − A r0r ′ ) ≈ −1. In this case, H cl δ ≈ 0 for a square lattice where r 0 has four neighbors. If the number of the lattice sites is small, A r0r ′ in Eq. (6) may not be negligible. A detailed analysis of each term in H cl δ shows that the conclusion regarding the vortex pining effect still holds.
The scenario with multiple vortices and multiple pinning centers can be analyzed in a similar way. In the hard-core limit, it is more convenient to use the spin half coherent state path integral to obtain the classical Hamiltonian [5, 80] . The discussion on these cases are omitted.
We notice that as shown in Fig. 2 of the main text, when J pin /J = 1.5, the vorticity peaks around the two sites 3, 4 labeled in Fig. 1(b) , which can be viewed as a vortex anti-pinning effect. Interestingly, this effect also results in a strong coherence between the sites 3 and 4 which is verified numerically. However, this is the special case for the lattice of a small size (4 × 4), since the unpinned vortex pair is situated either around the sites 1, 2 or around the sites 3, 4 to minimize the classical energy [15] . For the lattice of a large size, there will be more alternative sites that the vortex pair can move for when it is repelled by the pinning sites 1, 2.
ESTIMATION OF THE BACKGROUND VORTICITY
In Fig. 2 of the main text, the the vorticity of the electric current density ∇ × j is subtracted by the background vorticity (≈ −0.43 To observe the physical effect of the lattice with the magnetic flux Ba 2 per plaquette, the additional flux −Φ in the upper right corner need be subtracted in an appropriate way. If N Φ = Φ/Φ 0 is an integer, the flux −Φ can be moved to the neighboring plaquette through increasing the vector potential of any one edge of the upper right corner by Φ/a, which does not change the Hamiltonian. In fact, the flux −Φ can be moved further to any plaquette by a similar operation on the vector potential. Therefore, one can envision that the lattice is penetrated by a uniform magnetic flux Ba 2 per plaquette, plus the flux −Φ for every single plaquette with equal probability p = 1/ (N x N y ) . The vorticity ∇ × j corresponding to the latter flux is the background vorticity. For the flux −Φ penetrate a single plaquette with the probabil- in the numerical calculation. The latter is obtained by observing that the vortices are completely attracted to the pinning sites for J pin /J ≪ 1 so that the vorticity in other sites is only composed of the background vorticity.
THE ENTANGLED STATE OF VORTICES
The entangled state of vortices
was proposed in Ref. [15] . Here, we derive it in an alternative way based on the interactions between vortex spins. In Eq. (32) of Ref. [15] , an effective Hamiltonian is used to describe the low-energy physics for the two unpinned vortices. In the presence of pinning, the z-component of the total orbital angular momentum of the vortices L z rel (relative to the vorticity center) is no longer conserved, since the pining potential is not rotationally invariant. Assume the pinning strength is so strong that the vortices are localized around the pinning centers with L z rel frozen. In this case, only the spin angular momentum of the vortices need be considered. A general Hamiltonian describing the two interacting vortex spins is
where α, β = x, y, z, f αβ is the coefficient of the spin-spin interaction terms, τ j = (τ 
The f xx term denotes the tunneling between the two vortex spins (the kinetic energy), while the f zz term originates from the Coulomb interactions between vortices.
Since the boson charges act as the effective magnetic fields, we have h z j ∝ n j − 1 2 in the mean-field approximation, where n j is the number operator for the boson in the site j. For the half filling, h z j ≈ 0. By fitting H s with the exact low-energy spectrum of the Bose-Hubbard Hamiltonian with e.g. J pin = 0.6 (set J = 1), we find two solutions: f xx = ±0.06309, f zz = 0.2236 up to a constant (−13.28) for H s . Correspondingly, the ground state is
To determine which solution is physically correct, we demand that the statistics of the vortices be consistent for all the eigenstates of the Hamiltonian. This implies that the three eigenstates of
, symmetric under the spin exchange, should have the same exchange property for the spatial part of the wavefunction. This is known by examining the value of Π z defined in Ref. [15] , and we find that f xx = −0.06309J and the ground state is
THE COHERENT CHARGE-DENSITY WAVES
Let us assume that the dual lattice for the vortices is cut into two sublattices such that each sublattice contains one vortex pinned in its center. The ground state of the sublattice j is doubly degenerate: |G j = α j |e j | ↑ j + β j |d j | ↓ j , where α j , β j are the coefficients, and | ↑ j , | ↓ j are the spin states of the vortex j. The state |e j (|d j ) is the state of the bosons in the original lattice with excess (depleted) density at the pinning site j [14] , representing the charge-density wave (CDW) that breaks the particle-hole symmetry (PHS). The state |G j has the physical meaning that the excess (depleted) boson density at the site j acts as a positive (negative) magnetic field, which induces the counterclockwise (clockwise) vortex current.
The ground state of the whole lattice is |G =
Then, reconnect the two sublattices which induces an effective spin-spin interactions between the two vortices making the entangled state |Ψ + energetically favorable as shown in the previous section. The system will evolve and come to equilibrium with the |Ψ + component of |G as the new ground state. Correspondingly, the two CDWs are in the coherent superposition state α 2 β 1 |e 1 d 2 + α 1 β 2 |d 1 e 2 up to normalization. This state is entangled in general. It has free coefficients which are determined by requiring its symmetries (e.g. PHS) to be consistent with those of the Hamiltonian for the nondegenerate ground state.
The whole process is analogous to the entanglement swapping [81] , where the entanglement in the vortex-CDW pairs is transferred to the two CDWs through the Bell measurement on the two vortices (which creates the vortex entanglement). Consider the limit V → 0 for which the decay constant ξ z = V 2(J−V ) of the CDW goes to zero [5] . In this situation, the CDW (∼ e −r/ξz ) is nonzero only at the vortex center, and the state of the coherent CDWs reduces to a maximally entangled state between the two pinning sites (Eq. (2) of the main text). The particle-hole symmetry is restored for this state ( a † j a j = 1 2 ), since the ground state is nondegenerate. Notice that the vortex entanglement is a sufficient but not necessary condition for the two pinning sites to be entangled, as shown in the next section.
The phase of a † 1 a 2 in Fig. 3(b) of the main text can be understood by considering the symmetry of the Hamiltonian. We notice that when N x = N y , the Hamiltonian commutes with the symmetry operator M = U CR 12 , where R 12 is the reflection through the axis connecting the sites 1 and 2 as shown in Fig. 1(b) of the main text, C is the charge conjugation C = exp[iπ r (a r + a † r )], and the unitary operator U is a gauge transformation:
HereÃ is the vector potential obtained through performing the reflection operation on the original A. We have a †
where m is an integer. Eq. (8) is consistent with Fig. 3(b) of the main text: the slope of the curve is π 2 with jumps ±π (∆m = ±1) at N Φ ≈ 0.73, 1.93, 2.06, 2.94. These jumps are attributed mainly to the abrupt change of the ground state structure, as it is numerically verified that the overlap of the ground states with neighboring N Φ 's at these jumps drops to nearly zero and the energy gap closes up to a small value (< 0.005) due to the finite-size effect (except N Φ = 2.94 which has a vanishing | a † 1 a 2 |).
PERTURBATION THEORY
In Fig. 4 of the main text, the entanglement for most of the N Φ 's is close to one when J pin /J ≪ 1. This result can be understood by using the perturbation theory. The Hamiltonian can be written as
where H 0 is the Hamiltonian in Eq.(1) of the main text with J pin = 0, and V is the perturbation for the two pinning sites with r 0 = 1, 2. The eigenstates of H for J pin = 0 are obtained by diagonalizing H 0 only. We find that for the seven values of N Φ in Fig. 4 of the main text, the structure of the low-energy eigenstates of H for J pin = 0 and half-filling can be classified into three groups as shown in Fig. 5 . It can be seen that the ground states are doubly degenerate for generic values of N Φ = 1, 3, where both the two pinning sites and the rest of the system are half-filled. Let us focus on the case with N Φ = 0.5 in Fig. 5 (b) . When J pin is turned on, the doubly degenerate ground levels will split, which can be analyzed using the degenerate perturbation theory. The effect Hamiltonian in the doubly degenerate ground-state subspace D is
where E , and then further to the other pinning site. This is analogous to the superexchange effect [82] .
Interestingly, although the low-lying energy levels for N Φ = 2 is similar to Fig. 5(b) with the energy gaps changed slightly from (0.28J, 1.91J) to (0.27J, 1.82J), a similar perturbation calculation cannot lift the groundstate degeneracy. This implies that the coherence between the two pinning sites for N Φ = 2 is a high-order perturbation effect consistent with the analysis in the previous section, as the latter is based on the vortexvortex interactions which are expected to involve high energy levels of H 0 .
The perturbation calculation for Figs. 5(a) and 5(c) can be performed in a similar way but more excited states need be included, which is omitted here. We notice that the ground-state degeneracy is not completely lifted for Fig. 5(c) , and the ground state is not in the form of Eq. (2) of the main text for N Φ = 3. This exceptional case is due to the fact that the coherence is established among the three sites corresponding to three vortices; any two sites have only negligible entanglement in the three-site entangled state.
ENTANGLED QUBITS
The coherence of the bosons in the two vortex centers can be harnessed to produce entangled qubits. Assume that we have two copies of the system where the pinning denotes an eigenstate of H0 in Eq. (9) where the total number of bosons is m and n is a label to distinguish the different states with the same m. The states |jk (j, k = 0, 1) are the number states of the two pinning sites. The low-lying energy levels for NΦ = 1.5, 2, 2.5 are similar to (b) with slightly different energy gaps. The low-lying energy levels for NΦ = 3 is similar to (c) with the energy gaps changed from (0.19J, 0.11J) to (0.10J, 0.21J).
sites are denotes as (1, 2) and (1 ′ , 2 ′ ) respectively. The quantum state of the four sites is close to the two copies of Eq. (2) (|1001 + |0110 ) for the four sites. Both states are the maximally entangled state between the qubit (11 ′ ) and the qubit (22 ′ ).
